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ABSTRACT: We consider non-compact branes in topological string theories on a class of
Calabi-Yau spaces including the resolved conifold and its mirror. We compute the ampli-
tudes of the insertion of non-compact Lagrangian branes in the A-model on the resolved
conifold in the context of the topological vertex as well as the melting crystal picture.
They all agree with each other and also agree with the results from Chern-Simons theory,
supporting the large N duality. We find that they obey the Schrédinger equation confirm-
ing the wavefunction behavior of the amplitudes. We also compute the amplitudes of the
non-compact B-branes in the DV matrix model which arises as a B-model open string field
theory on the mirror manifold of the deformed conifold. We take the large N duality to
consider the B-model on the mirror of the resolved conifold and confirm the wave func-
tion behavior of this amplitude. We find appropriate descriptions of non-compact branes
in each model, which give complete agreements among those amplitudes and clarify the
salient features including the role of symmetries toward these agreements.
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1. Introduction

Topological strings have been a very interesting test ground for various dualities. These
dualities in topological strings give us various relations among mathematically seemingly
unrelated objects. One of the well-known examples is the mirror symmetry between the
two Calabi-Yau threefolds. A-model topological string theory on a Calabi-Yau space is
equivalent to B-model topological string theory on the mirror Calabi-Yau space and vice
versa(see, for a review [ —H]).

Another relation found recently is the large N duality via geometric transition, which
is a topological incarnation of the open-closed duality or AdS/CFT correspondence. The
A-model open string field theory on the Calabi-Yau spaces of the form T*M with N
Lagrangian branes wrapped on M reduces to the U(N) Chern-Simons theory on M [ff]. In
particular, Chern-Simons theory on S* describes the A-model open string theory on the
deformed conifold, 7*S®. Through the geometric transition, it is found to be equivalent to

the A-model on the resolved conifold [, .



Traditionally the exact computaion of correlation functions in the topological A-model
was regarded as a difficult one because of the worldsheet instanton contributions. This
has been changed greatly at least for the model on non-compact toric Calabi-Yau spaces,
by introducing topological vertex [§]. Main idea is that the toric Calabi-Yau space can
be regarded as the composition of C3’s. More concretely, the toric C3 can be represented
by a toric diagram as a trivalent vertex, and toric Calabi-Yau spaces can be constructed
diagrammatically by gluing these vertices appropriately. The A-model topological string
amplitudes on toric Calabi-Yau spaces can be obtained likewise from the topological vertex,
which is the open string amplitude on C? for non-compact A-branes at three legs in the
toric diagram of C3. Along these lines, the vacuum partition function of the A-model on
the resolved conifold was reproduced. The computation can be easily generalized to the
case when the background contains non-compact Lagrangian A-branes.

Another interesting progress in the A-model has been made from the observation that
the partition function of the topological A model on C? is the same as the partition function
of three-dimensional melting crystal filling on the positive octant of R? [J]. Again this
relation seems to be generalized to some toric Calabi-Yau spaces. Indeed the vacuum
partition function of the topological A model on the resolved conifold was shown to be
reproduced by considering melting cristal model with an extra wall in one direction [[[(]].
In this melting crystal model, defects play the role of the Lagrangian A-branes. Some
computations along this line has been made in [[L]].

On the other hand, remarkable progress on the computation of the correlation function
in the topological B-model has been made as well [[J]. These developments came from the
realization of the W-algebra governing the correlation functions of the topological B-model
on the class of local Calabi-Yau threefolds which is given by

uwv = H(z,y) . (1.1)

The symmetry comes from the holomorphic diffeomorphism of the Calabi-Yau spaces which
preserves the holomorphic three form. All the relevant features of the B-model in this class

of local Calabi-Yau threefolds can be obtained from the Riemann surface which satisfies
H(z,y)=0. (1.2)

In this model the non-compact B-brane is identified as a fermion in the Riemann surface.

There is a large N duality in the B-model as well. The B-model on a Calabi-Yau space
Y with the flux on S3 cycle is equivalent to the open B-model on N holomorphic branes
wrapped on P! in the Calabi-Yau space ) which is related to jiv via geometric transition.
The B-model open string field theory on ) becomes Dijkgraaf-Vafa(DV) matrix model [[[J.

All these relations, including the mirror symmetry and the large N transition, among
various theories are expected to hold for more general background. Especially, the non-
compact branes should play an essential role to establish the full equivalence of those
theories. For instance, in the Chern-Simons theory, viewed as an open string field theory,
the insertion of the non-compact branes gives the generating functional of the correlation
functions of gauge invariant observables, namely knot invariants. It plays the same role in



the DV matrix model. In the context of the B-model closed strings, the insertion of non-
compact B-brane generates the deformations of complex structure. All these indicate that
it is essential to include non-compact B-branes to establish the full equivalence among these
theories. However, there seems to be some subtleties in the relations among these theories in
the presence of non-compact branes. Those subtleties have often been overlooked, without
causing problems, in the simple model like topological vertex on C? and the B-model on
the deformed conifold.

In this paper, we revisit the topological string theories with non-compact branes. We
consider the A-model strings on the resolved conifold and the B-model on its mirror man-
ifold as well as the open strings on their large N dual Calabi-Yau spaces. In particular
we use the topological vertex formalism to compute the amplitudes of the non-compact
Lagrangian brane at the various legs in the toric diagram of the resolved conifold. We also
compute the amplitudes of the defect in the melting crystal model. In the B-model, we
compute the amplitude of non-compact holomorphic brane using the DV matrix model and
use the large IV duality to identify it as the amplitude of non-compact brane in the B-model
on the mirror of the resolved conifold. In all these computations, along with the known re-
sults in Chern-Simons theory, we find the correct identification among various parameters
and quantities in these models. We also find how the underlying SL(2,Z) symmetries are
realized and related among these models with non-compact branes. These computations
show manifestly the wavefunction behavior of the A-model amplitude, which seems to be a
natural consequence of the mirror symmetry. All these show clearly how the non-compact
branes in various models are implemented and how they are connected through the chain
of mirror symmetry and the large N duality in the topological string theories. Very re-
cently, a paper [@] appeared which deals with the amplitudes of non-compact branes in
the B-model on the mirror of the resolved conifold using the fermionic formulation in [[(Z].
The results in the present paper along with their work complete all those dualities in the
presence of the non-compact branes on the class of toric Calabi-Yau spaces.

The organization of this paper is as follows: In the next section, we review various
topological strings theories and related models, partly in order to establish the notations
and the relations among various parameters in those theories. We also review non-compact
branes in the open string field theory on S? in the deformed conifold, which play the role of
sources in the generating functional of knot invariants in the U(/N) Chern-Simons theory
on S3. In section [, we describe topological vertex and compute the amplitudes of the
non-compact branes at the various legs in the toric diagram of the resolved conifold. In
section [], we describe the melting crystal models and compute the amplitudes of the defects
and show that they correspond to the non-compact branes in topological vertex as expected.
In section f], we obtain the B-model amplitudes of non-compact branes in the mirror of
the resolved conifold from the large N dual DV matrix model. In section [§, we show
that all these amplitudes in various models are equivalent obeying the same differential
equations as well as the same transformation rules under SL(2,Z). In particular we show
the wavefunction behavior of the A-model amplitudes confirming the suggestion from the
mirror symmetry. Finally we draw some conclusions.



2. Topological string theories and their duals

In this section we review the mirror symmetry which relates the A-model topological string
theory on the resolved conifold and the B-model on its mirror Calabi-Yau space. We also
review the large N duality which connects the closed topological strings on a Calabi-Yau
manifold with the open topological strings on another Calabi-Yau space which is related
to the former via the geometric transition. This large N duality relates the A-model
topological string theory on the resolved conifold with U(N) Chern-Simons theory on
S3, which is an open string field theory on the deformed conifold. We also consider the
amplitude of non-compact branes in the open topological string theories on the deformed
conifold. In U(N) Chern-Simons theory on S3, which is the open topological A model on
deformed conifold, a non-compact brane appears as a Wilson loop and gives rise to the
generating functional of knot invariants.

2.1 The large N duality and the mirror symmetry

In this subsection we explain the large N duality which relates open and closed topological
strings on Calabi-Yau(CY) threefolds and the mirror symmetry which relates the A- and
B-models.

The large N duality in the A-model topological string theory means that two CY
threefold X and X are related by the geometric transition while physics on two CY’s is
identical. As the three cycle S? wrapped by a large number N of A-branes in X’ shrinks
down, X becomes a singular CY threefold, and then by blowing up the singular point,
two cycle P! with RR-flux appears while A-branes on S3 disappear. As a result of this
geometric transition, X becomes another non-singular CY threefold X. The claim is that
in the large N limit, open topological string theory on A-branes is identical to the closed
topological string theory on X.

The deformed conifold X = T*S? can be described by the complex equation as

X ; wo = H(z,y) =2y —u, (2.1)
where p may be understood as the complex structure moduli and corresponds to the size of
three cycle S3. We consider A-model topological open strings on N A-branes wrapped on
a Lagrangian submanifold S3. Then the open topological string field theory on A-branes
reduces to the U(N) Chern-Simons theory on S3.

According to the geometric transition we may set u = 0 and get X by blowing up the
singular geometry as

X ; uz =, v =y, (2.2)

where z and 2’ are inhomogeneous coordinates on P! and are related by 2’ = 1/z. It turns
out that X is the resolved conifold, O(—1) & O(—1) — P!, which is the total space of
rank two vector bundle over P'. N A-branes on S? are replaced by the RR-flux on P!
through the geometric transition. According to the large N duality, the closed topological
A-model on this resolved conifold is equivalent to the U(XN) Chern-Simons theory on S®.
In the closed string side we have two parameters, the string coupling g; and the Kahler



A-model on Large N dual A—-model on
-

X =T*S X =(0(-120(-1
— pl)
Mirror Mirror
B-model B-model
model on Large N dual 310 el on
Y - Y

Figure 1: Relations among various models

parameter t, while in the gauge theory side we also have two parameters, the gauge coupling
gés and the rank of gauge group N. In this large N duality, they should be identified as

2

— t=gsN 2.3
k—’-N’ gS I ( )

gs =19cs =1

where gés is the coupling constant with the finite renormalization effect. Indeed it was
shown in [f] that the vacuum partition function of U(N) Chern-Simons theory can be
resummed using % expansion and shown to be identical with the vacuum partition function
of the topological A-model on the resolved conifold®.

The CY threefold j mirror to the resolved conifold X can be obtained via a mirror
map as shown by Hori and Vafa [If]. For this purpose let us recall the gauged linear sigma
model(GLSM) or symplectic quotient description of the resolved conifold [[[F]

X5 (1P +16s* = |@sl* — [u? = Re t ) /U(D), (2.4)
where U(1) group acts on the coordinates as
(d)la ¢2a ¢3a ¢4) - (eia¢1’ eia¢2a e—ia¢3’ e_ia¢4) . (25)

Variables between two descriptions of the resolved conifold, X , are related by

1

T = ¢1¢3, Y= 204, u= ¢203, U= 0104, ; Z:?:(bl/(bQ-
(2.6)
The explicit mirror map is given by
ReY; = |oi], yi=e " (2.7)

!The presence of RR flux doesn’t change the partition function of the model [@]
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Figure 2: Toric base for the resolved conifold

and a Landau-Ginzberg superpotential which characterizes the mirror manifold Y is given
by
H(y) =Y vi, w2 =c 'ysya, (2.8)
i

Note that y;’s are C* variables and the second equation is a constraint coming from GLSM.

One may use the inhomogeneous coordinates to express this curve equation. For
example, one may eliminate yo using the constraint equation and use C* action to set
y1 = 1. Introducing variables z,y as y3 = —e™*,ys = —eY, one get the local CY threefold

Y governed by the complex equation
w=H(x,y)=1—¢e¥—e ¥ e 70V, (2.9)

on which topological B-model strings are equivalent to the topological A-model strings on
the resolved conifold X.

Since a linear SL(2, Z) coordinate transformation does not alter the periodicity of z,y
and the holomorphic three-form Q = dxdydv/v, the mirror manifold Y can be alternatively
described in terms of new variables & and ¢

(3) (é _D () +(5): (20)

with a constant rescaling e* ™™ yv = 4v as

Y;  av=HEg)=(" - -1 -5,  p=1-¢, (2.11)

where [i can be interpreted as the complex structure moduli. Note that this geometry is
non-singular for ji # 0 and contains three cycles.

In this B-model setting one may also consider analogous large N dual B-model open
topological strings as in the A-model case, which can be achieved by a geometric transition.



Consider the topological B-model on the above Calabi-Yau space with fluxes on S2. Now
one let the complex structure parameter i go to zero and the corresponding three cycle
shrinks. Then, new two cycle appears and N B-branes wrapped on this two cycle are dual
to the flux on the shrunken three cycle. The manifold Y relevant for this large N dualized
B-model strings, which is also mirror to the starting geometry X, is given by the blow-up
of the local CY threefold Y with =0 as

N az=¢e’—1, 02 = eVt 1, (2.12)

where z and 2’ denote the inhomogeneous coordinates for the blown up P! and are related
to each other by 2 = 1/z. The open string field theory on B-branes wrapped on P! reduces
to the Dijkgraaf-Vafa matrix model [[[J].

2.2 The A-model on the resolved conifold

In this section we summarize some relevant results and establish the notations on the
A-model topological string theory on the resolved conifold for later use. In general the
vacuum partition function of topological closed strings on a Calabi-Yau manifold?> may be
written as

2(ge,t) = exp [F(ger1)] = xp [ngﬂFg(t)] | (2.13)
g=0

where t denotes Kahler and complex structure moduli for A-model and B-model topological
string theory, respectively, and F,(t) is the genus-g free energy. The topological A-model
closed string amplitude on the resolved conifold was obtained by embedding in physical M
theory [[g]. It is given by?3

<1 et

F(gs,t) = Fe(gs) (2.14)

— n (2sin "95

where F""(g,) denotes the constant map contribution and ¢ is the Kdhler modulus of
P!. The genus-g free energy for the resolved conifold can be read as

129 — 1| Bag| ¢~ ™ .
F,(t) = 29) =3 . + Fpomst (2.15)
’ n=1

From now on we adopt different conventions and take the partition function of A-model
topological strings on the resolved conifold as

[e o]

1 e—nt
_ _ _ _ const. -
Z(gs,t) = exp [PX(Q& t)] = exp [F (9s) — nEl 7 (2simh 2)? 7 )2] . (2.16)

2The topological A-model makes sense on Kihler manifolds.
%Note that there is an ambiguity in the expression for g = 0,1 coming from the non-compactness of the
given CY.



One may regard this convention is coming from the replacement of the weight 92972 by
another weight (—igs)29~2 such that

Z(gs,t) = exp [F(gs, t) —eXp[Z —igs)*9 2 Fy(t )] (2.17)
g=0

The explicit form of the constant map contribution on the resolved conifold, F<"st(g,), is

1
F (g E 2 smh e) = In M(ge),
n=1
(o]
M) = [[A-g"™, g=e%=q", (2.18)

where M (q.) is the, so-called, Mac-Mahon function with Re g; > 0. In the ¢ — oo limit,
the partition function on resolved conifold reduces to the Mac-Mahon function, thus which
is the partition function of topological A-model closed strings on C3. For the genus g > 2,
the genus-g free energy may also be written as

‘329329—2‘
29(2g9 — 2)(2g9 — 2)!

Fgconst. _ (_1)9 — (_1)9@ /M 03—1(H)= g>2, (2.19)

where By, is a Bernoulli number and x(X) is the Euler characteristic of the C'Y manifold
X.

2.3 Non-compact branes in the open topological A model

The amplitude of non-compact branes can be easily incorporated in the Chern-Simons
theory. Our starting set up is A-model topological open strings on the deformed conifold
X = T*S? with a large number N of A-branes wrapped on a Lagrangian submanifold
S? and another M non-compact A-branes wrapped on a different Lagrangian submanifold
L = R? x S', where these two types of A-branes meet on S! C S3. As alluded in the
previous section, after the geometric transition the geometry becomes the resolved conifold,
O(—1) ® O(—1) — P!. While A-branes on S?® are replaced by the RR-flux on P! in this
large N transition, M non-compact A-branes wrapped on L is argued to remain as the
Lagrangian A-branes on the resolved conifold X.

In this case the open string field theory on X is reduced to Chern-Simons theories on
two three dimensional Lagrangian submanifold. If we denote the gauge fields on S3 and
R? x S! as A and A’, respectively, then, the effective theory is described by the action

ScslA; 8%+ Scs[A; R? x S + S, A, A';SY, (2.20)

where Scg denotes the standard Chern-Simons action. The surviving degree of freedom
of open topological strings for S;¢[S!] is a complex scalar field on the circle which is bi-
fundamental in the gauge group U(N) x U(M). Since S;,¢[S!] is quadratic in the complex



scalar field, we can integrate out and obtain the operator, which was first introduced by

Ooguri and Vafa [Rq],

o
1
ZWUV)=exp | Y U V] .
(U,V) =exp ZntrU tr V7, (2.21)
n=1
where “tr” denotes the trace for the fundamental representation and U, V! are the holon-
omy matrices around S! defined by

U= Pefst A Vol = pefst A (2.22)
Using Frobenius character formula, one can get

ZU,V) =) Tr,UTr,V, (2.23)
nw

where Tr, denotes the trace over an irreducible representation p. Since an irreducible
representation for U(V) is one-to-one correspondent with a partition or Young diagram, p
is specified by non-decreasing non-negative integers as p = {3 > pg > -+ > p, > 0}.
Gauge fields A’ on non-compact branes can be treated as non-dynamical ones or
‘source’ terms from the viewpoint of U(N) gauge theory on S2. Therefore the opera-
tor (R-21) may be regarded as a generating functional for Wilson loop observables in all
representations p
(Z(U,V))gs = > (Tr,U)gsTr,V . (2.24)
Iz
This is another example that the string theory leads to a generating functional of field
theory naturally. The Wilson loop observable (Tr,U)gs was calculated explicitly in 1] for

the unknots as g
. N _
<TruU>S3 = S L= Su(q 2

Z+%) = dim, 4, (2.25)

where S, is the matrix elements of S-transformation of SL(2,Z) to get S? by gluing two
solid torus. The function s,(z;) (¢ = 1,2,...,N.) is Schur function introduced in the
appendix with some relevant properties, and dim, i is the, so-called, quantum dimension
of the representation u, which reduces to the ordinary dimension of the representation u
in the classical limit ¢ = €9 — 1. The concrete expression of (R.2§) can be found in the

appendix.
Since the orientation is reversed for anti-branes, the amplitude for anti-brane insertion
is given by
= 1
Z-YU,V) = exp [— > U tr V”] =3 ()T, UV, (2.26)
n=1 u

which leads to the knot invariants for the unknots

(Z7HUV))ss = D (~1)Ws,0(gF 72) Tr, V. (2.27)
o



3. Non-compact branes in the topological vertex

Topological vertex is the main computational tool for the study of topological A-model
on toric Calabi-Yau space [§]. In this section we describe the non-compact branes in
the context of topological vertex. Firstly, we describe the topological vertex formalism
emphasizing the role of symmetries. We explain the subtleties in the realization of these
symmetries through the amplitude. We show this in detail for the case of resolved conifold.
Then we consider the insertion of non-compact branes at the external legs in the toric
diagram of the resolved conifold, which is believed to be the dual of the non-compact
brane configurations in Chern-Simons theory. As will be explained later, this is deeply
related to the mirror B-model where the amplitude is realized as a wavefunction.

3.1 The topological vertex

The toric diagram of the Calabi-Yau space can be decomposed into the set of vertices which
are connected by lines(propagators) [§. This is basically because each vertex represents
C? and a toric Calabi-Yau space can be regarded as a union of C? in such a way that C*
action is well-defined globally. The manifold C? may be regarded as a total space of T? x R
fibration over R3, where T? fiber space can be taken as the orbit of the following action

a; (21, 22,23) — (€721, 29, €"23),

B (21,20, 23) — (€¥21,677 29, 23) . (3.1)
The moment maps for these actions is given by
ra =zl = |z, rp=lal -2l (3.2)

The trivalent vertex corresponds to the degeneration loci of T2 in the R? subspace of R?
base and consists of three edges or legs denoted as two-dimensional vectors v; = (p;, q;),
satisfying

3
Zvi = O, (3'3)
i=1

and
vo ANV =vi Avg=v3Ave =1, (3.4)

with the wedge product defined by v; A v; = p;q; — qip;-

Now consider an open string amplitude for this vertex with Lagrangian A-branes at-
tached in all three legs. Then the total open string partition function may be written
as

Z(Vi) = ) Couw TraVi Tr, Vo Tr, Vs, (3.5)
A,V
where V; is a source associated to the Lagrangian submanifold at the i-th leg and the
summation is taken over all possible irreducible representations. This partition function
can be determined from the link invariants of U(co) Chern-Simons theory on S [§]. The
explicit expression of the topological vertex amplitude, C),,,, in terms of Schur function is
given in the appendix.

,10,



The crucial point is that the topological vertex amplitude which is obtained from the
above computations of open string amplitude, corresponds to the closed string amplitude
on C? with boundaries due to external branes. If we want to find the A-model closed string

partition function on C?, we simply take the trivial representation for all three legs.

Framing. In the above computations of topological vertex, we used non-compact La-
grangian branes in C3. In order to fully specify the model, we need to give the boundary
conditions on the fields on these non-compact branes at infinity [23-R4]. This is called a
framing in the topological vertex and corresponds to the framing in the dual Chern-Simons
theory. This boundary condition can be specified by modifying the geometry and allowing
the T? fiber to degenerate at additional locations in the base R? so that the Lagrangian
branes wrap on compact S? cycles. This can be done without affecting the topological
A-model amplitudes. Those additional degeneration loci are specified by three vectors f;
satisfying

finv,=1. (36)

It is clear that the above condition is still satisfied with the replacement f; — f; — n;v;
for any integer mn;. A framing is the choice of the integer n;. We choose the framing,
(f1, f2, f3) = (ve,vs3,v1) as the canonical one and denote all other choices of framing as
three numbers n; relative to this canonical framing.

The topological vertex in the (ny,ns,ng) framing, C’;L;’V"Q’m, is related to the topological
vertex in the canonical one, C),,, by the relation:

C;\L;,VRQJTS _ (_1)n1\)\|+n2|u|+n3|u\q%(nmﬂrnznwrngnu)c)\uy_ (3.7)

Symmetries. The topological vertex with trivial representation at three legs has §i(2, 7)
symmetries inherited from those of T2 fiber of C3. Since the wedge product is invariant
under the SL(2,7Z) transformation, we can use this SL(2,Z) transformation to change v;
at our disposal. For example, we can permute v; cyclically and obtain a cyclic symmetry
Zs. This SL(2,Z) symmetry acts on the vertex amplitude through the replacement:

(fivi) — @ fir §-v),  §E€SLERD) (38)
In what follows, we will consider the SL(2,Z) transformations acting on v; only,

(fisvi) — (fi, g-vi), g € SL(2,7Z) (3.9)

This is in general not a symmetry of the system, thus one should distinguish it from the
éi(Q,Z) given in (B.§). One may regard this as a passive transformation. One can also
consider the active transformation acting f; only, which moves a non-compact brane at one
leg to the one at another leg, while leaving each leg, v;, invariant. These two viewpoints is
connected by the éi(Q, Z) symmetry acting on both v; and f; as in (B.§).
The topological vertex amplitude C},,, is invariant under the Zs subgroup of SL(2, Z)
which takes
V] — vy, Vg — U3, v3 — vy . (3.10)

— 11 —



This Zs3 transformation can be realized as T.S~! matrices transforming v; = (p;, ;) as a

doublet, where
g— (01 ., T= L1 (3.11)
1 0 01

This, in turn, becomes an active ST ! transformation of SL(2,Z) acting on f;. This results
in the cyclic symmetry of the amplitude C),,, .

Coyw = Cn =Cuxy - (3.12)

The change of framing may also be understood as an active T' transformation of SL(2,7Z).
The topological vertex for C? has also a Zo symmetry from the exchange of z; and 2
coordinates of C3.

CA;W = q%(“)‘JrH“JrR”)C)\tl,tﬂt . (3.13)

Note this is not an SL(2,Z) transformation.

Resolved conifold. The whole closed string amplitude of the toric Calabi-Yau space
containing more than single vertex can be obtained by gluing appropriately these vertices.
The explicit rules for gluing vertices can be found in [§. For example, the toric diagram
for the resolved conifold is given by two vertices connected by a line of length ¢, Kéahler
moduli of P!,

Using the Schur function representation of the topological vertex given in the appendix,
one can easily write the vacuum partition function of the closed string for the resolved
conifold as

Z%(gs,t) = Z C..Mt(—e_t)l"lCM.. = Z sut(qp)su(—e_tqp) ) (3.14)
I I

where ! denotes the transpose of p. It becomes, through the identity of Schur functions

given in (I3,

n

Z%(gs,t)= [J (A —e g7 =exp [— > ¢ #} : (3.15)

ij=1 n=1
where [n] is the so-called g-number defined by

_n
2

—q 2, g=e% . (3.16)

Note that Z™(gs,t) is identical with Z3(gs,t) up to the factor M(g.). This non-existence
of M(q.) is a general feature of the topological vertex calculation and should be taken into
account when the corresponding quantities in the dual theories are compared.

3.2 Non-compact branes in the topological vertex

In this section, using topological vertex formalism we compute the amplitudes of non-

compact branes on the resolved conifold at the various positions.
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Figure 3: Canonically framed A-branes, f3 and f}, on the external legs v3 and v}
Branes at an external leg. The amplitude of non-compact branes at an external, non-
compact, leg can be obtained by the replacement

V” N Z —r W p|#|q2p “C TI“MV
where p denotes a framing. Therefore the normalized amplitude for ‘f3’ A-branes with the

framing p at the position ‘r’ on the external leg vs in the toric diagram for the resolved
conifold, shown in figure fJ, can be calculated in the formalism of topological vertex as

1 » . o
2RV P) = Zatry 2 [Z@ V(1P i (—") 'Cy.u] Tr,V - (3.17)
) “ v
1 -r L K _
=~ Z [e W\(_l)l’\u\qg(m-l) " Z syi(—et qp)sut/)\(qp)sy/A(qp)} Tr,V,
H (79N

where we used eq.s (A.1§) for Cyey = Cop and Z™ denotes the vacuum partition function
of A-model topological strings on the resolved conifold given in (B.15). Using the identities
for Schur functions given in eq. (A15) and eq. (A.17), we obtain

fo’(V, r,p) = Z [ frlul( plul (p+1 Zs 1a(q7)sxe(—e tqp)} Tr,V (3.18)

_ Z Iul[ —rut(_1)(p+1)ut|q—(p+1)%q—%utSut(q%—’*%)] Tr,V,

where we used k0 = —ky, || = |p!], and t = g, N. Note that the amplitude of non-compact

branes on the external leg vf

1

= g | S s (| TV, 319)

I v

is completely identical with the above Zf3 because of the symmetry of the topological
vertex. Henceforth, it is enough to consider only one case.
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Figure 4: Canonically framed A-branes, fo and f5, on the external legs vo and v}

Anti-branes can be obtained by the orientation reversal of branes, which can be
achieved by v; — —wv;. Therefore the amplitude of anti-branes at the position ‘r’ on
the external leg vs is given by

1 —r t lpg —t\|v
ZRVr0) = i 30 [ S (I () o () e | T,V
o v
— Z [ew(_l)(pﬂ)uq(pﬂ)?qglulsu(qgl‘ré)} Tr,V . (3.20)
I

In contrary to C3 case, in which the amplitudes for branes and anti-branes at the same leg
are related by the framing change, the amplitudes for branes and anti-branes are completely
different in the resolved confold case.

On the other hand the amplitudes for the (anti) A-branes at the external leg ve or v}
shown in figure [] are computed as

1
ZE(Virp) = 2 ) [Z(e"‘w<—1>Mq%”"“c‘--vt<—e‘t>'"C”*”} ey
17 v

_ Z [e—rlul(_1)p|u|q%mq—%Iulsu(q%—ﬂr%)} Tr,V, (3.21)

“w

and
—r|ut - “ul Nt Nyl

Zf{(V,r,p) — Z(_l)\u\ [e (1) 7P gp =5 g 2 s i (g2 h)} Tr,V, (3.22)

I

respectively. Note that there are relations between amplitudes of (anti) A-branes at the
external legs vo and vz such that

22V rp) = ZB(V,r,—p - 1), ZR(V,rp) = ZB(V,r,—p—1). (3.23)

In general we don’t expect any relation between branes and anti-branes. However, for the
resolved conifold, there is a Zo symmetry on the geometry exchanging two external legs,
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and this symmetry is realized as the above relations between amplitudes of branes and
anti-branes. It is the same symmetry which exists in C? case, alluded earlier in (B.13). As
we will see, this aspect will be realized in the mirror B-model setup in the next section,
through the wavefunction behavior of the amplitudes under Zs.

Special cases of the branes at an external leg. For a single (anti)-brane, the holon-
omy for ‘source’ V is given by one-dimensional matrix as V = e~%_ since the gauge group
is U(1). Then, by combining with this Wilson line, the position modulus r becomes com-
plexified one, © = r 4 if. Furthermore, representations for U(1) correspond to single row

Young diagrams. As a result, the amplitudes for a single brane and anti-brane become

N
N n
Zi;g(x, p) = Zi% (Q’," —p — 1) — Z |:n:| q—g(N—(p—l—l)(n—l))(_1)pn6—mn’ (324)
n=0
[N+n—1] _a»
Zi;g(x, p) = Zicf (x,—p—1) = Z [ +: :|q2(N+(P+1)("1))(_1)(P+1)"e$n€3_25)
n=0

where [N ”Z‘_l] and []7\; ] denote quantum dimensions for a single row and a single column
representation. These are explicitly given by

N N! N, _1 3 1

[n] - mzw g™ 2,072, 0g V2,
N+n-1 N +n—1]! N, _1 _3 N4l
[ n ] EW:M en(q 2,072, V),

where h,, and e, are completely symmetric functions and elementary symmetric functions,
respectively, related to Schur functions as (A.9) and

Note that
N o)
[T =g )L =N gt Dp, (72,075, g7V F2) (3.26)
n=1 n=0
and
N N
[T —g ™) =3 ™D (1yre, (¢72,¢7%, . ,gVF5). (3.27)
n=1 n=0

By taking N — oo limit, we can reproduce the (anti-)brane amplitudes on C3. Note
that in the C? case brane amplitudes at framing p are identical with anti-brane amplitudes
at framing —p — 1 in the same leg due to the combination of Zy and Zsz symmetry of C3.

In a particular framing, these single (anti-)brane amplitudes can be represented as
product forms as

fo’(x, p=-1) = fo(x,p =0) = H(l - e_””q_7‘+%)7
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N
—r —pLii—
Zf’(r, p=-1) = fo(m,p =0) = H(l —e gL (3.28)

n=1

These forms are relevant for the comparison with the results from melting crystal picture
as will be shown in the next section.

Branes at an internal leg. Now let us consider non-compact branes, f1, on the internal
compact leg, v; = v}, of the toric diagram for the resolved conifold in figure f]. In this
case, we consider M stacks of a single (anti-)brane with zero framing, to compare with
the results in melting crystal picture. The amplitude of M stacks of a single brane on the

compact leg at the position r,, a = 1,..., M with zero framing is
Z30ra) = Ziw D Cumpatt o, (e WHem Zolrloallimralbed g,y o
ﬂyaavﬁa

M

< [ TranVaTrs, V, !
a=1

= H > sau(eq)sp, (€T gP) Tro, VaTrg, V, ' (3.29)
a=1 agq,Ba

Again we can complexify the position modulus x = r 4 if by including the Wilson line
V = e~ and obtain the amplitude of a single brane as

Zﬁl(m) = Z e "™ e*"(t*m)hn(q’))
m,n=0
m:l

Similarly, the amplitude of M stacks of a single anti-brane on the compact leg with zero
framing at the position r, is

1 _
Z,{;l(ra) = ﬁ Z Coo,u®at(_6 t)m'Cﬂt@B}z”

Mvaav/Ba
M

H |aa\+|5a Ta‘aa|7(t77‘a)‘,8a|Tra VTrg 1

M
= H Z saé(—e_r"qp)sﬁé(—e_(t_r")qp) Tro, VTrg, V1. (3.31)

a=1 agq,Ba

After the same complexification of the position modulus, the amplitude of an anti-brane

becomes
o0
Z0@) = D e em(—g) e " en(—q)
m,n=0
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Figure 5: Canonically framed A-branes, fi on the internal leg v;

:ﬁu_el‘* ﬁl—e*(tl“ —mt3). (3.32)
m=1 n=1

All these branes irrespectively to the internal or external leg insertions have the natural
limit to C? case by taking Ret(or N) — oco. The resultant topological A-model partition

“ 7

function on C3 in the presence of the A-brane at the position with zero framing® can
be written as

F( ) > 1 e " > le

7 = gs,T) — _ — —

(95,7) =€ P [;nQSinh(" ] xp [Zn

n=1

} ﬁ(1 —e gL

k=1
(3.33)

4. Defects in the melting crystal model

In this section we consider the melting crystal model [[J] which seems to be the another
realization of the topological A-model. In particular we consider (anti-)defects in the
melting crystal model which corresponds to the non-compact branes in the topological A-
model on the resolved conifold [L1]. Since these defects were considered recently in [25, 6],
we will be brief and present main results which clearly show the correspondence with the
topological A-model.

As noted earlier, the vacuum partition function of the topological A-model closed
strings on C3 is given by eq. (B.1§). This is identical with the partition function of the
melting crystal of cubic lattice in the positive octant of R3,

Zcrystal(‘]c) = Z Qf bozes7 (41)
3d partition

where g. = e795. This observation led to the conjecture that there exists more general
melting crystal picture for topological A-model strings on toric Calabi-Yau spaces.

The 3d partition can be regarded as the composition of 2d partitions satisfying the, so-
called, interlacing conditions. Conversely speaking, 2d partitions satisfying the interlacing

4This is equivalent with anti A-brane with p = —1 framing.
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gsN =t

X

Figure 6: melting crystal model for the resolved conifold

condition appear as slicings of the 3d partition. This is clear from the equivalence between
the partition and Young diagrams. However, this decomposition of the 3d partition into
2d partitions is not unique. We will adopt the convention in which the diagonal slicing is
given by y = z on the positive octant (z,y, z) € Ri.
Two dimensional Young diagram can be represented in terms of a fermionic Fock space.
In the transfer matrix formalism, we adopt this and assign a fermionic Fock space to each
two dimensional partition. In this formalism we introduce the operators '+ which satisfy
the relations
1

Ip(2)I-(2) = Ry

P (AT4(2), TN = (1= )T ET4(). (42)

z

These operators can be realized in terms of a simple harmonic oscillators «,,, which are
modes of the bosonization of the fermions, as I'y(2) = exp[>_,5; 922"] and I'_(2) =
exp [anl a;" 27" with o, ] = M40

A melting crystal model for the resolved conifold X is suggested [I(] as the lattice in

units of g, in the positive octant ]Ri’_ with one wall, for example, at the position y = g;NN,
see figure [fl. The partition function of this melting crystal model is given by

zema (.0 = o] [ TT et I %) |o) = arta [10 -+
n=1 m=1

n=1
(4.3)
One may recall ¢. = ¢~ ! to see that the partition function is identical with Z +(9s,1)
in (R.16) by performing a resummation and setting gs N = t. In this melting crystal model,
the length from the origin to the wall at the position y = gs/N corresponds to the Kéhler
moduli ¢ of the resolved conifold. This suggests that z-axis and y-axis may correspond to
the external and internal leg, respectively, of toric diagram for the resolved conifold X.

Defects. A defect in the melting crystal model corresponds to a single non-compact A-
brane in the topological A-model. Defect and anti-defect operators in melting crystals are

introduced as certain fermionic operators

Up(z) =T H2)T4(2), Up(z) =T_(2)T11(2). (4.4)
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The partition function with one defect on the z-axis at the position x = g4(Ny + 1/2) is

. . . Ni+3 . o
given by inserting ¥p(z = g 1Jr2) at the appropriate position as,

Zp(N1; N,gqc) = (4.5)
00 1 N Ni1+1 N
_ <0H H F_,_(q?iﬁ :| 1+2 [ H P+ qc ] H r fm+2 >
n=N1+2 m=1
Using the commutation relations between I'’s we obtain
|
Zp(N1; N,ge) = [€(a0)] 7 2% (N, qe) || Py (4.6)
n=1

where £(q.) = [[°2,(1 — ¢7). After normalizing by [£(q.)] "t Z¥5'% (N, q.), the amplitude

n=1
of a defect on the z-axis at = g5(N7 + 1/2) becomes identical with the amplitude, given
in eq. (B.2§), of a non-compact brane with p = 0 at the external leg vy (also v}) with the
complexified modulus z = g4(Ny + 1/2) in the toric diagram of the resolved conifold, see
figure .
It is straightforward, following the argument of the C3 case in [[]]], to get the normalized
amplitude for d defects as

Z5 ™ (Niya) = [ —a H H . - (4.7)
1<i<j<d i=1n=1+ — dc
with N; < Nj; for i < j.
The amplitude for an anti-defect at z-axis can be obtained by inserting ¥ (g Ni+1/ 2)
instead and is given by
N
Z5(N1; N, qe) = [£(qe)] 29" (N, qc H gt (4.8)

The normalized amplitude of anti-defect is identical with the amplitude of a non-compact
anti-brane with p = 0 at the external leg v (also v}) in the toric diagram of the resolved
conifold. The normalized amplitude of multi anti-defects at z-axis can be computed in the
similar fashion as in the multi defect case and is given by

zem(Na) = ]« HH PR (4.9)

1§z’<j§dt i=1n=1

A couple of comments are in order for the amplitude of (anti-)defects inserted on the
y-axis. First of all, when we use the formula for ¥ and 'y, ([L4), z is determined by the
slicing one takes. We use different z for the defect on the y-axis from z for the defect on the
z-axis, which are inverse to each other and are due to the diagonal slicing. Secondly, since
the insertion of (anti-)defects on the y-axis corresponds to (anti-)branes in the topological
A-model inserted at P!, we generally expect the change of Kihler parameter of P!, and it
appears as the shift of the position of the wall in the melting crystal model [[I0, RJ].
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We would like to emphasize that, as will be shown below, the defect on the y-axis
corresponds to the anti-brane with p = 0 at the compact leg v; in the toric diagram of the
resolved conifold. This implies that we should interchange the name of defect and anti-
defect operators defined on y-axis if we want to have the correspondence of the naming
of brane/anti-brane with p = 0 in topological vertex with defect/anti-defect, independent
of the inserted axis. In the case of C3, this was not clear since the amplitude of the
non-compact brane with p = —1 is the same as the amplitude of the non-compact anti-
brane with p = 0 due to Zy and Z3 symmetries. By considering more general space, we
could identify the correct defect/anti-defect operators corresponding to the brane/anti-
brane operators.

The amplitude of the defect insertion on the y-axis at the position y = gs(Ny + 1/2)

can be computed by inserting ¥p(z = ¢ ~h-y 2) at the appropriate position and is given
by
Zp(N1; N, qe) = (4.10)
oo Ni+1 N N+1
:<0HHF+(qc HHP }\I} TN T r- m+2)0>.
n=1 m=N1+2
As a result, the normalized amplitude
[e.e] [e.e]
Zp" (N5 Noge) = [T (=gt T = gzt (4.11)
m=1 n=1

As was mentioned earlier, this corresponds to the topological vertex amplitude (B.30) of
the non-compact anti-branes with p = 0 inserted at the compact leg v; in the toric diagram
of the resolved conifold. Similarly, we can compute the normalized amplitude of the anti-
defect insertion on the y-axis at the position y = gs(N7 + 1/2) and find

0 0
Zl%orm(Nl : N, qc) _ H (1 m+N1 H n+N—N1)—1 ) (4‘12)
m=1 n=1

This in turn corresponds to the amplitude of the non-compact brane inserted at vy leg with
p = 0. It is straightforward to generalize those in the above to the amplitude of multi-
(anti-)defects insertion at y-axis as shown in the case of those at z-axis and is omitted.

5. The B-model on the mirror of the resolved conifold

In this section we consider the B-model topological string theory on the mirror space of the
resolved conifold. At the beginning we review some salient features of the B-model on some
class of the Calabi-Yau spaces. Then we compute the amplitudes of the non-compact brane
insertion in the open topological B-model on the mirror space of the deformed conifold in
the context of DV matrix model. We regard those as the amplitudes of non-compact
branes in the topological B-model on the mirror space of the resolved conifold through the
large N duality. We show that they satisfy the Schrodinger wave equation confirming the
wavefunction nature of the amplitude in the B-model topological string theory.
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5.1 The B-model

The topological B-model on the Calabi-Yau space gives the informations on the complex
structure moduli space. The symmetries of the B-model on the Calabi-Yau space involve
holomorphic diffeomorphisms which preserve the curve equation, like (R.11]), and the holo-
morphic 3-form

1 dxANdy Adu
= 5.1
472 u (5.1)
The Calabi-Yau geometry characterized by the curve equation of the form
uwv = H(z,y) (5.2)

can be regarded as a fibration over the (x, y) plane with one dimensional fibers. The surface
satisfying
H(z,y) =0 (5.3)

in the base manifold is the locus where the fiber degenerates into two components u = 0 and
v = 0. It was shown in [[J] that this type of CY geometry is characterized by the algebraic
curve (5.J) and the complex deformations of the CY are captured by the canonical one-
form, A\ = ydx. Therefore if one considers the deformation of the function H(z,y), while
keeping u,v fixed, the target space theory of B-model, namely Kodaira-Spencer theory,
essentially reduces to the one on the Riemann surface (f.3). The Kodaira- Spencer field ¢
is related to the one form A by A = d¢. When restricted to the Riemann surface (p.J), they
become the symplectic diffeomorphisms which preserve the equation (5.J) and symplectic
two-fom dx A dy of the base manifold. In the quantum Kodaira-Spencer theory, they are
realized as the W-algebra symmetry.

The Riemann surface satisfying H(y;) = 0 in (R.§) is a genus 0 surface, i.e. a sphere,
with four boundaries or punctures. Near each puncture we can choose a local coordinate
x and its conjugate pair y such that x — oo and y — 0 at the puncture (see, for example,
the discussion leading (R.9)). Since the complex deformations of the Riemann sphere can
arise only at the boundaries, it is enough to consider the deformation generated by the
insertion of non-compact B-branes near the punctures. Since (z,y) is a symplectic pair in
the geometry and, furthermore, the action of non-compact B-branes near the z-patch is
given by

Sp = l/y(?ulc, (5.4)
9gs
y naturally plays the role of conjugate momentum of x in the quantization of branes with
the commutation relations
[y, z] = gs - (5.5)
As noted in the above, this conjugate pair is deeply related to the Kodaira-Spencer field ¢
through the one-form A by A = ydz = 9¢.

Similarly, one can assign an appropriate coordinate and its conjugate momentum near
each patch. The non-compact brane near one patch can be moved around and can be
connected with the one in another patch by the SL(2, Z) coordinate transformations. This
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SL(2,7Z) transformation is the symplectic diffeomorphism which preserves the symplectic
two form dz A dy and the periodicity of the coordinates x,y. There is also freedom in the
choice of (x,y), in particular, coordinate transformation of the form

T —rtny, y—u,

where n is an arbitrary integer. This is also a part of the symplectic diffeomorphism,
SL(2, Z) and is called a framing in the B-model. As will be clear, it is closely related to
the framing in the mirror topological A-model or topological vertex.

In the case of anti-branes, the action becomes the minus of the action of branes,
Sp = —SB, and thus, in the quantization, the conjugate momentum of x becomes —y
which results in the commutation relation, [y, x] = —gs.

5.2 Non-compact branes in topological B-model

Non-compact B-branes inserted near a puncture in the Riemann surface are described
by free chiral fermions which is related to the Kodaira-Spencer field ¢ by ¢ (z) =
exp (4(z)/gs). In general, the B-model amplitudes behave as a wavefunction 7. In
particular, one-point function of a fermion which corresponds to the amplitude of single
non-compact brane insertion should satisfy the Schrédinger equation whose Hamiltonian
is given by the equation of the Riemann surface [LJ]:

H(xa Yy = gsax)<7/f(9ﬂ)> =0. (5'6)

The anti-chiral fermion corresponding to an anti-brane can be represented by ¢*(z) =
exp (—¢(x)/gs) and satisfies

H(z, y=—g:0;)(¢"(z)) = 0. (5.7)

Instead of obtaining the one-point function of a fermion directly from the closed B-
model, we consider the amplitude of the non-compact brane in the context of the large
N dual open B-model on ), which is also the mirror of the deformed conifold. For this
purpose it is convenient to use the coordinate transformation alluded earlier in section .1]
and use the curve equation H(Z,§) = 0 in eq. (B-11)) and take the geometric transition.

The resultant open string field theory reduces to DV matrix model with the partition

function
1

2= /dHU exp <2igsTrU2) (5.8)

where U is a Hermitian matrix and the measure dyU is the unitary one [[§. When
expressed in terms of the diagonal components, the partition function reduces to

N s
Z = /Hd% l_Isin2 <%)exp [L Zl:uﬂ (5.9)

i<j 295

In this large N duality, the non-compact B-branes presumably remain as the non-
compact B-branes, meeting the compact one at a point. The surviving degree of freedom

— 22 —



of open string modes connecting these branes is a bi-fundamental complex scalar whose
path integral is given by

/Dgz_ﬂ)qﬁ exp [—&(V@leN—lMxM®U)¢] - [det(V®1NxN—1MXM®U)]71, (5.10)

where U and V' are matrices from compact and non-compact branes, respectively.

If we consider M non-compact branes at the M different positions as e™1,...e "™ on
P!, the matrix V becomes V = diag (e™"1,...e""™) and thus we have
< 1 1 1 > (5.11)
det(e=v1 —U) det(e=v2 —U)  det(emvm —U)/ "~ '

where the expectation value is taken with respect to U. Therefore the amplitude of a

non-compact holomorphic brane is given by <m> and using
(Tr,U) = q%Mq%H dimg g, q=c¢e% (5.12)
we obtain -
<det(e—1v - U)> N ,;) [N +: ) 1} A G (513)

One may consider this as the amplitude of a non-compact brane in the topological
B-model on Y through the large N duality

(W(#)) = <m>. (5.14)

Indeed it satisfies the Schrodinger equation (f.6) where the Hamiltonian, inherited from
the curve equation (R.11)), is given by

H(%,§ = g:05) = ¢~ — 9% — q3e%e9% 4 q3e%e20:0% | (5.15)

The relevant open string mode connecting the compact brane and the non-compact
anti-brane is a bi-fundamental complex fermion. Therefore the path integral of the am-
plitude of the insertion of an anti-brane is given by the normalized expectation value of
determinants as

N
(det(c ™ —U) =Y [JZ } gFO =D ()N (5.16)

n=0

The large N dual amplitude (*(%)) = (det(e=® — U)) satisfies the Schrodinger equa-
tion (B.7) with the Hamiltonian

H(%,5 = —gs0z) = ¢ — 9% — g 3¢%e 9% 4 g 2T 20:0 (5.17)

There is a different version of the matrix model® dual to the closed B-model [Rg. This
model is a Hermitian matrix model with logarithmic action whose path integral is given

®The unitary matrix model version of the above DV matrix model is also obtained in [E]
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by [dM eiirﬁ(ln MZ? this matrix model, the correlation functions of determinants
are given by the Slater determinant of orthogonal polynomials. In the case at hand, the
relevant orthogonal polynomials are known as Stieltjes-Wigert ones. In particular, the
matrix model vacuum expectation value of an anti-brane is

N

N| _n

(det(e™™ — M) = (~1)NgsNWV=-1 §~ M g BN (—gmze) (5.18)
n=0

which is identical to (det(e”?—U)) with identification z = v—gs/N up to an overall constant

factor.

6. Equivalence among various models

In this section we compare the amplitudes of non-compact branes in various models. We
find the exact correspondence among the non-compact branes in the topological string
theories.

The coordinate patches of Riemann sphere with four punctures. We describe
the coordinate patches of Riemann sphere characterized by the curve equation

eV pe e
Yi+Yeo=Ys+Ys+1 (6.1)
in the homogeneous coordinates. It has four boundaries and there is an appropriate coor-
dinate near each boundary.
Introduce the coordinates {u;},
up =Yy —Ys, ug =Yz — Y1,
uz =Yz — Yy, uy =Y, —Ys, (6.2)
in which the constraints become
up +ug +t=0, w1 +u3=0. (6.3)

Then each boundary patch corresponds to the region where u; — oo and is described by
the local coordinate x; = w; + mi, which is the natural ‘flat’ coordinate related to the
integrality structure of A-model [RJ]. One can find the canonical conjugate momentum y;
in each coordinate patch by requiring y; — 0 as x; — oo. The coordinate and conjugate
momentum and the curve equation in each patch are displayed in the table [

SL(2, Z) transformation in the Riemann sphere. The coordinate and momentum in
each patch are related by SL(2,Z) transformations which preserve the symplectic two form
and the periodicity of the coordinates x; and momenta y;. The coordinate transformations
from wu;-patch to up and from us-patch to uy are given by SL(2,7Z) transformation S~!T,
while the coordinate transformations from wus-patch to ug and from wug-patch to uy are
given by 77151 transformation supplemented by constant shift.

1\ s7'r (X2\ 718~ [Z3\ ST (Tg\ TS5~ (X1
G0 =G =G =0) e
Y1 Y2 Y3 Y4 Y1
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Table 1: coordinate patches

coordinate x | momentum y curve
uy + me Ug + L —eTT Y4 e TV L1 =0
Ug + L —uy — U7 | —e T —eYfe TV L1 =0
ug + i Uy + T —e T —eYfe Y41 =0
Ug + T —ug— Uy 7 | —e T —e¥+e Y41 =90

Figure 7: SL(2,Z) transformations relating coordinates among patches in the Riemann surface

SL(2,Z7) transformation in the toric diagram. As alluded earlier, the topological
vertex also has SL(2,7Z) transformations acting on the leg v; = (p;,¢;). In the resolved
conifold case, these transformation can be considered acting on the four external legs vo 3

B _ -~ / _ / _ _
()= Co) = () = ()= () ©9
q3 q2 q3 44 a3

which is exactly in one-to-one correspondence with the transformations in the Riemann

I as
and v 5 as

sphere, and can be realized, in the active view point, as moving A-branes from one leg to

another one as(see, figure §.)

sr-1 . TS , ST-! ., TS
f3™== fo == f3 = fo — f3. (6.6)

The correspondence between the transformations of A- and B-models can be easily
inferred from the moment map of the T2 action for the resolved conifold

ra(9) = |oa® —|01*, s =lo — ol (6.7)

which can also be written as

ro(®) = |2 — |¢3|* —Ret, 15 = |pa|* —|p2]* + Ret. (6.8)
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Figure 8: Active SL(2,2Z) transformations acting on branes at the external legs in the toric diagram

of the resolved conifold, X

For example, the coordinate and momentum in the u;-patch of the Riemann surface is given
by (z1,y1) = (Ya—Ys+mi, Y3—Y]+mi) whose real part is nothing but (rq+173, —rg). If the
same transformation matrices are applied on (ro + 73, —7g) as those on (z1,y;), namely
S~IT, then naturally the transformation matrices for vz = (ps,q3) leg become T'S~!.
Therefore one may regard this exact correspondence between the transformation rules of
both sides as the consequence of the mirror symmetry between those two Calabi-Yau spaces
X and 5
The wavefunction of a non-compact brane and mirror symmetry. We obtained
the A-model amplitudes of the non-compact brane inserted at the various external legs of
the toric diagram for the resolved conifold in section f|. Now we verify that these amplitudes
exactly correspond to the B-model amplitudes of the non-compact brane inserted near the
punctures of the Riemann surface in the mirror manifold of the resolved conifold, thus
confirming the mirror symmetry. This can be achieved by showing that the A-model am-
plitudes satisfy the Schrodinger equation whose Hamiltonian is given by the curve equation
H(z,y) = 0 with the replacements y = ¢50, for branes and y = —gs0, for anti-branes.
Essentially there are only two different realizations of the curve equation as is clearly
seen in the table [l One can see that the brane amplitude at the v3 leg in the toric diagram
for the resolved conifold satisfies

<1 — 959 _ (—1)pq_%e_$e_pgsax + (—l)pq_N_%e_xe_(pﬂ)gsax)Zi;s(x,p) =0. (6.9)

This tells us that Z ff (x,p) is exactly the one-point function of the B-model non-compact
brane/fermion operator at the u; patch, as it satisfies the Schrédinger equation with the
Hamiltonian inherited from the curve equation written in the variables for u; patch with a
framing p. One can also check that the anti-brane amplitude at the external leg vs obeys

the same Schrodinger equation

<1 _ e_gsax _ (_1)pq%e—$epgsax + (_1)pq—N+%e—xe(p+1)gsax)ZgS (x’p) — 07 (610)
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Y

Figure 9: L.H.S: A-branes on the deformed conifold. R.H.S: A-branes on the resolved conifold
after the geometric transition

where now we replaced y — —g;0, appropriate for anti-branes. Alternatively, after factor-
ing out differential operators, one can show that it satisfies

(1 _ 950z + (_1)pq7%6716(p+1)gsaz _ (_1)quN7%efxe(p+2)gsaz>Z£3 (:C,p) —-0. (6.11)

The Zy symmetry of the resolved conifold, which is realized on the brane amplitude as
eq. (B-23)) implies that similar differential equations hold for the amplitude of non-compact
A-branes at another legs in the toric diagram for the resolved conifold. For example, it can
be deduced from eq. (6-17]) that the amplitude of non-compact A-branes at the external
leg vy satisfies

<1 — 959 _ (—1)pq_%e_xe_pgsax + (—1)1”@[_]\7_%6_356(1_1”)93’9””)Zi;2 (x,p)=0, (6.12)

which is nothing but the Schrédinger equation written in the variables appropriate for wus
patch. All other cases can be deduced easily, too.

These tell us that the A-model amplitudes are the same as the B-model amplitudes
supporting the mirror symmetry. We will see this explicitly in below. Note that the Zo
symmetry is the isometry of the resolved conifold and its mirror CY space. It is realized as
the relation among the (anti-)brane amplitudes in the A-model on the resolved conifold and
this should also be the case for the amplitudes in the mirror B-model. Furthermore, it is well
known that the amplitudes in the B-model behave like wavefunctions. Our computation
clearly shows that the A-model amplitudes have the properties of the wavefunction, just
like the amplitudes in the B-model.

Chern-Simons theory vs. topological vertex vs. DV matrix model. The A-model
topological open string field theory on the deformed conifold becomes the U(N) Chern-
Simons theory on S3. On the other hand, it is believed that the A-model topological string
theory on the toric Calabi-Yau space can be described by the topological vertex. There
is a large N duality between the A-model topological open string theory on Lagrangian
branes wrapped on S3 in the deformed conifold and the A-model topological string theory
on the resolved conifold which is related to the former via geometric transition.
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We can see from eq.s (B-21)) and (B.29) that the knot invariants of the unknot in
Chern-Simons theory given in eq.s (2.24) and (R.27) are identical with the amplitude of
non-compact (anti-)branes inserted at the external leg vy with p =0 and r = —g,N/2:

1
(Z(U,V))gs = 27 (v, r=—59.N.p = 0) ,

— 1
(27U V)ss = 2 (V. 7 = —59.N.p = 0).

This correspondence between the Chern-Simons knot invariants and the amplitudes at the
leg vy is pictorially manifest from figure f]. We can also find a complete agreement for the
knot invariants at a different framing in Chern-Simons theory by taking a suitable framing
and an appropriate assignment of the position modulus r in topological vertex.

In the previous sections we computed the amplitudes of a non-compact brane in the A-
model and the B-model, independently. In the B-model we obtained the amplitude from the
large N dual DV matrix model. After an appropriate normalization, the B-model amplitude
of a non-compact brane inserted at P! is given by the determinant expression. Again we see
that there is a similar correspondence between the amplitudes in the DV matrix model and
those in topological vertex. As alluded earlier, it is clear from the Schrodinger equation
which they satisfy. More precisely, if we use the ‘normalized’ expression in DV matrix
model, we can see that®

det e® )
<dc¢L> = Z(@=w—g,N+mi, p=1),

(ev =)
det(e” —U)\  _fo, .

As was shown in (f.1§) and (f.17), the unnormalized amplitude satisfies the Schrédinger
equation coming from the curve equation H(Z,¢) = 0 in (R.11), which is another represen-
tation of the curve in the same uo-patch. But this curve equation is related by a suitable
framing change and rescaling from our choice of coordinates for the us-patch, which explains
the rescaling in the B-model amplitude for the complete agreement with the topological
vertex result at the vy leg(or ug-patch in the corresponding Riemann surface) with framing
change. After this identification, we can obtain all the other amplitudes of non-compact
branes in different patch by suitable SL(2, Z) transformations.
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SThere was observation [@] that there is discrepancy between the results from melting crystal model,

which agrees with topological vertex, and those from DV matrix model. This is just framing difference
between branes on the wus-patch coming from DV matrix model and the one from the melting crystal
model.
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A. Schur functions

In this appendix we present various properties and formulae of Schur functions, which are
used in the computation of the topological vertex. Although most of them are just the
summary of well-known results [B(], one useful identity is presented with a proof, which
does not seem to be written down explicitly in the literatures.
Schur functions for a partition p = (u1, pa, ..., pg) may be defined as
det x? it N

Su(xi) Esu(xl,...,fljj\[) = W, (Al)
J

which can also be represented in terms of elementary or completely symmetric functions

as
su(xi) = det(e,r ;1 5) = det(Ry,—iyj) .- (A.2)
These symmetric functions h,, and e, can be defined as
N 00
H(l — Xy t)_l = Z tnhn(.%'l) y
i=1 n=0
N
H (1+ x4t) Zt"en x;) . (A.3)
i=1

Note that s, is homogeneous of degree |u|. For the explicit expression of Schur func-
tions relevant to our cases, it is convenient to introduce the content c¢(a), and the hook-length
h(a), at the position a = (i,7) € p of a Young diagram p, which are defined by

cla)=j—i, ha)=pi+p;—i-j+1.
These c(a) and h(a) satisfy
d(u)

D) = () =) = 5 Dl =2 ) = g S hla) = g+ 2l +

acp acp

(A.4)
where d(u) denotes the number of rows for the given Young diagram p. By specializing
x; = ¢~ "t1/2 with the formula in [B{], one can derive

-+ ot T LNy pp g - ee@ .
SH/( ) =q 2 H 1— q_h(a =q 2 H q2h(a) qiéh(a) ’ ( 5)
acu acu

where n(p) = Zfﬁ? (1 — 1)u;. Note that q%“"SH(q_iH/Q) is nothing but the quantum
dimension or the knot invariants for the unknots. The given form is efficient to get the
explicit expression of the quantum dimension for a Young diagram of the small number of
boxes.

Using another identities given in [B(]

H(l _ th(a)) —

acp

d d i—1
T Tt — ¢h)
(1-— tﬂz’—uj-l—j—i) ’

(A.6)
Ii<icj<amw
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Hi—1

H(l _ 75N+c(0t H H tNJrk

acp i=1 k=—i+1

one can get the form of the quantum dimension given in [g

d(p) My —1 [ k:]

ﬂiz l 1 . . =—1
5#(@12 +2):d1qu: H [l‘i_#j‘i']—l]Hﬁ
1<i<j<d(p) i=1 1lg=1 (K]
i Ma +J 1 H “!fm[k]
= 1I . (A)
i<ici<dgy U0 [Ttk — i+ ()]

k

where [k] = qg —q 2 and [k] v = qg+§ —q

vz
[

Skew Schur functions can be introduced as
Sx\/u = Zcﬁysy, (A.8)
14

where the ‘tensor product coefficient’ ¢ are integers defined by SuSy = Y\ cﬁys »- Note

v
that s,,, is a homogeneous function 0? degree |A| — |u| and Schur functions can be un-
derstood as a special case of skew Schur functions since sy, = sx. As in [{]], s5/,(¢"**)
represents a skew Schur function of infinite number of variables with the specialized z; =
gri—it1/2 (1 =1,2,...), which can be understood as taking N — oo in the case of the finite

number of ;. In particular, s,(g”) can be written explicitly as

sulg”) = g2 [ ——— 1_q e (A.9)
acp
which leads to
$,(07) = " 5,(¢") . (A.10)
By analytic continuation one may see
sulg™?) = (—1)|“|sut(q”). (A.11)
The definition of Schur functions as a ratio of determinants given in (A.I]) leads to the
following identity for a finite number of variables z; = ¢V ¢, ¢#TV=" (i=1,2,...,N)
5@ s (¢ = su(d T s (0 ), (A12)

which gives us in the limit of N — oo

su(qp)sy(q;ﬂrp) _ su(q”’Lp)sy(qp)- (A.13)

Another useful formulae for skew Scur functions [B0]:

S @@ = [[ —— 3 0o (@)s,/0). (A.14)

1—z
\ ij>1 i
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ZS)\/M (:C)S)\t/u(y) = H (1 + xiyj) Z‘Su’f/a(:ﬂ)su/zfZt (y) : (A15)

A i,j>1 o

Now, we will derive a useful formula for the topological vertex calculations.
Proposition: The following identity holds

Sﬂ(CC) = Zsu/y(x,y)s,,t(—y). (A16)

14

Proof: Let us start from the following identity (see, [B(])
T y) = ZS)\/V(x) Z CVMSM )
v 1/“,

Multiplying s)(y) and summing over A\, one get

Y oaa@yaay) = D Ausu(@)su(y)sa(y)

A U,y A
=> s )su() Y sul@)su(y)
v ©

which leads to

Zsu(x stxySA Zsy ,
“w
= Z [Z AT, Y) st (= y)} su(y) -
o

l/

Since Schur functions s, form a Z-basis for symmetric functions, the coefficient of s,(y) in
the above equation should be identical. So, the proposition is proved.
As an application of the above proposition, let us take

3 1
_3 _N4+1
, 2 e, AN =(q "'27 xN+1:1-N+2:...:0’

g
y qiN Z+2’ Z.:1’2,3""7

wl»—‘
8
N

I
B

which gives us s, (z,y) = s,(¢”). Then, we can see that
Corollary:

iy _1 —
sula™ ) = s,(q77, g N Zsu/v su(=a~"e’). (A.17)

Now, we present the skew-Schur function representation of topological vertex, which
is used in section f}. U(co) Hopf link invariants, W, which are basic ingredients for the
construction of topological vertex, can be written by skew Schur functions as

Wi (@) = @2 Capur(a) = ¢/*F 2N " 5,00 (0°)50010(67) = 50(a”) 500" T7).
A
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Wep(q) = Coep(q) = su(q”). (A.18)

Then, topological vertex is given in terms of skew Schur functions by [f], B,

O (@) = Cuon(@) = Cona(@) = /2 25,0(¢7) Y 531y (€7F°)5,070(0 7). (A19)

n

Note that the Zo and Zs symmetry of the topological vertex implies the existence of cor-

responding identities inherited from these symmetries in skew-Schur functions.
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